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AnH T KRAUL T 


A yoneraliaed equation ta proposed for the relative 
alastio moduli of comoaite materlale, By the introduetion of 
a generalized Binsteln oowffielent and a tunotion whteh vone 
ajdera the maximum volumetriv paoking frawtion of the filler 
phase, the moduli of many types of comontio ayatemm van he 


ealoulated, 
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A GRNERALISMD MQUATION FOR THE MLABTIC MODULE OF 
COMPOHTTH MATRHRMLALM 


Lawrenuve Hh, Nielsen 


LW RODUCT LON 

Halpin and Taal (l°3) have ahown how the Kerner (4) 
equationa and many other equations for the elastio mwodull of 
oompooite materiala van he put into an equation of the general 


form 
1 + AS 


. } 
_ * row, i 


d 

In thie aquation M and My ave the elastio moduli (shear, Young's, 
or bulk) of the compoalte and matrix, respectively, ln the 
volume fravtion of tiller phase, while A and W ave vonatanta for 
any given wompoaite, The constant A takea into agoount aueh 
faotora ae geometry of the filler phase and folason'a vatlo of 
the matvlax, The conatant W takea inte avoount the relative 
moduli of the fillev and matvix phasen, and tt ta defined aa 


M./M 
Ne gh “se al 


‘ 


The subavripte bt and 2 velar to the matrix and filler phasea, 


ranpeutively, 


Rquation 1 omite several important factors, but Lt wan 
be extended to take them Into account, tt hae long bean knawn 
in the thoory of viseouity af suapensions that the maximum 
packing fragtion of the filler muat be sonelidared (%-7), ne 
packing of the filler phase should alan be considered in the 
theary of the moduli of commalte ayatamm, In some vasen Live 
manimur volumbria paoking frantion ¢ oan he waloulated fram 
theory, in other canen it la mat eantiy mhbtalnad from sedimenta- 
tion volumes, Lewis and Nielsen (0, 9) showad haw eguation | 
ean be modified for the shear modulue i) to take inte avovunt 


¥ to give 


4 . { he (9) 


wheve » ja given by aveh funetiona an 


le 4 
oe +"), (4) 
vin 
oF 
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Nieleen aleo tliuetrated the applioabllity of equations 3 ta 4 
in determining the modulus of syatemn where phase lnveralon oan 


ooour (9), 


» je 


The generality of equation | can be further enhanved hy 
pointing out the relation between the vonstant A and tle 
generalized Minsteln cvefflolent hk. The yenarvabiand Kinsteln 


voeffialent may be defined aa 


a(M/M, © |) 
i, 


an +, approaches vera and M,/M, approaches infinity. The 
velation La: 

Ae we |. (7) 
Hinatein (10) palnted out that k = 2,5 for @ snapension of 
rigid epheres in a matvia with a fuleaun'a vatla of 0,40, 
Hurgere (it) hae tabulated valuen af kh far @elilpaatidal or 
fiber-like partloles randomly arianted aa a funetion of the ratio 
of the lengeh of the partinies to thety dlameter, Lawle anid 
Nielsen (12) theeretioally and experimentaily determined k aa a 
funotion of the numbhar af partiulea in agqyreqates of aphares 
Lnmereed in a mwatvin wlth a Polsson'a vatia of 0,50, The valves 
of kh for mwatrloes wlth Palaaon'sa vatlo leae than 0,50 han ever 
beet determined, however, a good apprantmation ahould be tie 
method auygented by Miwleen (14). Thue, the ratio of kh at @ 
given value of vy to the value af k at vy ® 0,9 ta givan by 


Yable | for ahear mutull, 


Thue, an equation whieh takew Inte avoount vearly all the 
factore whieh ave laportant to determutng the modulus af a 


vompralte tat 
Lv (kh @ tp) We 


> f (#) 
bs He, 


=x 
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The applicability of equation @ to predict the modulus 
of a matrix containing etrong rigid aggregates will be Liluatrated 
by using the data of Lewia and Nieleen (#) for aggregates of 
about 20 glase apherea in an epony matrin, in a liquid matrix 
(Volason'a ratio «© 0,5), kh @= 4.4 and +, * 0.4 (12). tna vigid 
epeuy matrix whare Polason'sa ratio be 0,35, the predivted value 
of kh from Table [ ta kh @ 31,01, Above the glare transition 
Lemperécure where the epony matrix la a rubber, the modulua ratio 
O,/G, approaches infinity while below the glaew transition 
temperatura thia ratio ta about 20, Viygure | compares the 
experimental values with the predicted values vuaing equations 4, 
5, 7, and @, The experimental values are somewhat low ainoe 
they have not been onrrected for the “akin effeot" in wiich thare 
ie an exvens of polymer on tha aurfaoe (8), 

A sevend applleation of equation 0 can be tliuatrated by 
a oAloulation of the longitudinal ahear modulus Oy of flber- 
filled composites, Chaffey and Manon (14) and daffery (19) give 
the yeneralivsed Minateln ooeffilaliant aa 2,0 for thin vase, Whe 
complen vemputer caloulationa for OG). by Adama and Done (16) 
gan be appronimated by ualing ¢, 40,05 in equatiovna ¢ and 86, 
Thte value of ¢, = 0.05 le about half way hetween woulbic panking 
(0.785) and hewayganal packing (90,7) for parallel rote = a 
reasonabia value, igure 2 showa the renulta velng equation @ 


along with the equation of Halpin and Taal for the vase where 


G,/G, ie very large. ‘the gsaleulationa of Adama and Doner are 
aleo shown, At high fiber copoentrationa, equation W Fite 
the somputer caloulationa much better tian the MolpineTsal 
equation, By alightly reduaing the value of 2,0 for the Binsteln 
evefficient to correct for Poluson's ratio being lease than 0.95 
and making minor adjuatmanta in 4, would undoubtedly improve the 
rit. 

Hquation # hae been teated with many other vomposite 
ayetema, and in nearly all vases the agreement with experimental 
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Lot of rigures 


Helative shear moduli of aggregates oonaieting of abeut 

20 glaee spheres in a rubbery epony matrle and in a vigid 
apouy natrin with « Folanon'a ratio of 0,95 anil G/U) = 40, 
Croseee represent experimental pointe, Curves are uo loulated 
from equation W, 

Halative longitudinal shea¢ modulus of a fibere-fFilled wome- 
ponite for the case of by /G) = OH. Curve A = Mquation @, 
Curve Wo the HalpineTaal equation, XK-Computer ealoulations 


of Adama and Done. 


Folaeon's« 
Natio vy 


(ee ee 
% 


The work described in thia paper ia part of the researoh 
vonduoted by the Monsanta/Washington Univaraity Assoulation 
sponsored by the Advanved Hasearuh Projecta Ayenoy, Department 
of Defenses, under Offios of Naval Nenearoh Cantraot N00014°67- 
C-O0210, formerly NOOO1L4 66-0 -0045, 


FIG. | 4/1/70 


L. Nielsen 


s6} 0X EXPERIMENTAL 


| 4/1/70 
ee FIG.2 _— L Mloteen 


A PROPOSED EQUATION 
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A yenaralined equation ta proposed for pe yalative elastio — 
moduli of composite materiale, ty the introduction of a generalised 
Kinetein coefficient and a function which considers the maximum 
volumetrio packing fraction of the filler phase, the modull of many 
types of compoelte ayetome oan he caloulated, 
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Composite materiale 


Binatein coefficient 
Hiaetic moduli 
Paoking fraction 
Bhear modulus 
Youne'a modulwe 
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